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Abstract:We investigate the connection between Gravity’s Rainbow and Horˇava-Lifshitz
gravity, since both theories incorporate a modification in the UltraViolet regime which im-
proves their quantum behavior at the cost of the Lorentz invariance loss. In particular,
extracting the Wheeler-De Witt equations of the two theories in the case of Friedmann-
Lemaˆıtre-Robertson-Walker and spherically symmetric geometries, we establish a corre-
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1 Introduction
The idea that General Relativity (GR) is not the fundamental gravitational theory and
that needs to be modified or extended is quite old. On the one hand, the idea of a small-
scale, UltraViolet (UV) modification of GR arises from the non-renormalizability of the
theory and the difficulties towards its quantization [1]. In particular, since the usual loop-
expansion procedure gives rise to UV-divergent Feynman diagrams, the requirement for a
UV-complete gravitational theory, which has GR as a low-energy limit, becomes necessary.
On the other hand, we know that the large-scale, InfraRed (IR) modifications of GR might
be the explanation of the observed late-time universe acceleration (see [2] and references
therein) and/or of the inflationary stage [3]. Due to their significance, both directions led
to a huge amount of research.
Concerning the modification of the UV behavior, it was realized that the insertion of
higher-order derivative terms in the Lagrangian establishes renormalizability, since these
terms modify the graviton propagator at high energies [1]. However, this leads to an obvious
problem, namely that the equations of motion involve higher-order time derivatives and
thus the application of the theory leads to ghosts. Nevertheless, based on the observation
that it is the higher spatial derivatives that improve renormalizability while it is the higher
time derivatives that lead to ghosts, some years ago Horˇava had the idea to construct a
theory that allows for the inclusion of higher spatial derivatives only. In order to achieve
this, and motivated by the Lifshitz theory of solid state physics [4], he broke the “democratic
treating” of space and time in the UV regime, introducing an anisotropic, Lifshitz scaling
between them [5–8]. Hence, higher spatial derivatives are not accompanied by higher time
ones (definitely this corresponds to Lorentz violation), and thus in the UV the theory
exhibits power-counting renormalizability but still without ghosts. Finally, the theory
presents General Relativity as an IR fixed point, as required, where Lorentz invariance is
restored and space and time are handled on equal footing.
On the other hand, in [9] the authors followed a different approach. In particular,
instead of modifying the action, they constructed an UV modification of the metric itself,
in a construction named Gravity’s Rainbow (GRw) [9]. Hence, the deformed metric in
principle exhibits a different treatment between space and time in the UV, namely on
scales near the Planck scale, depending on the energy of the particle probing the space-
time, while at low energies one recovers the standard metric and General Relativity is
restored. Physically, one can think of it as a deformation of the metric by the Planck-scale
graviton. This deformation has been shown to to cure divergences (at least to one loop)
avoiding any regularization/renormalization scheme [10, 11]. Hence, due to this advantage,
a large amount of research has been devoted to Gravity’s Rainbow [12–33].
In the present work we are interested in examining whether there is a correspondence
between Horˇava-Lifshitz gravity and Gravity’s Rainbow, since both directions result in
a modification of the equations in the UV regime, while they both present GR as their
low-energy limit. In particular, since GR provides a natural scheme for quantization of the
gravitational field, namely the Wheeler-De Witt (WDW) equation [34], which is a quantum
version of the Hamiltonian constraint obtained from the Arnowitt-Deser-Misner decompo-
– 2 –
sition of space-time, we will impose that the WDW equation must be satisfied by GRw
and HL, respectively. We will examine this correspondence on the Friedmann-Lemaˆıtre-
Robertson-Walker (FLRW) metric at the mini-superspace level, where the problem with
the scalar graviton is absent, as well as in spherically symmetric geometries.
The manuscript is organized as follows: in Section 2 we review the basic elements of
Horˇava-Lifshitz theory, while in Section 3 we extract the corresponding WDW equation in
the case of FLRW space-time. In Section 4 we extract the WDW equation for Gravity’s
Rainbow in the case of FLRW space-time. Then in Section 5 we establish the correspon-
dence between the two theories, while in Section 6 we obtain this relation for spherically
symmetric spacetimes. Finlly, we summarize our results in Section 7. Throughout this
manuscript we use units in which ~ = c = k = 1.
2 Horˇava-Lifshitz gravity
We start with a brief review of Horˇava-Lifshitz gravity [5–8]. As we stated in the In-
troduction, the central idea of the theory is the different treatment of space and time,
which allows us to introduce higher spatial derivatives without inserting also the annoying
higher time derivatives. Thus, a convenient framework to perform the construction is the
Arnowitt-Deser-Misner (ADM) metric decomposition, namely
ds2 = −N2dt2 + gij(dxi +N idt)(dxj +N jdt). (2.1)
The dynamical variables are the lapse N and shift Ni functions, and the spatial metric gij
(latin indices denote spatial coordinates). The coordinates scaling transformations write
as
t→ ℓ3t and xi → ℓxi, (2.2)
i.e. it is a Lifshitz scale invariance with a dynamical critical exponent z = 3.
The breaking of the four-dimensional diffeomorphism invariance allows for a different
treatment of the kinetic and potential terms for the metric in the action, namely the kinetic
term can be quadratic in time derivatives while the potential term can have higher-order
space derivatives. Thus, in general, the action of Horˇava-Lifshitz gravity is written as
S =
1
2κ
∫
Σ×I
dtd3x (LK − LP ) , (2.3)
with κ =M−2pl the Planck mass, where the kinetic term reads as
LK = N√g
(
KijKij − λK2
)
, (2.4)
with Kij the extrinsic curvature defined as
Kij =
1
2N
{−g˙ij +∇iNj +∇jNi} , (2.5)
K = Kijgij its trace, and g is the determinant of the spatial metric gij . The constant
λ is a dimensionless running coupling, which takes the value λ = 1 in the IR limit. The
potential part LP can in principle contain many terms. However, one can make additional
assumptions in order to reduce the possible terms, thus resulting to various versions of the
theory. In the following we review the basic ones.
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2.1 Detailed balance version
The assumption of “detailed balance” [7] allows for the establishment of a quantum in-
heritance principle [5], that is the (D+1)-dimensional theory exhibits the renormalization
properties of the D-dimensional one. Physically, it corresponds to the requirement that
the potential term should arise from a superpotential. This condition reduces significantly
the potential part of the action, resulting to
LPdb = N√g
{
κ2
w4
CijC
ij − 2κ
3/2µ
w2
ǫijk√
g
Ril∇jRlk +
µ2
κ
RijR
ij
− µ
2
1− 3λ
[
1− 4λ
4
R2 + ΛR− 3Λ
2
κ
]}
, (2.6)
where Cij = ǫikl∇k
(
Rjl − δjl R/4
)
/
√
g is the Cotton tensor (it is concomitant with the
metric and in three dimensions it is the analogue of the Weyl tensor), the covariant deriva-
tives are defined with respect to the spatial metric gij, and ǫ
ijk is the totally antisymmetric
unit tensor. Finally, apart from the running coupling λ, we have three more constants,
namely w, µ and Λ. We mention that the detailed balance condition, apart from reduc-
ing the possible terms in the potential part of the action, it additionally correlates their
coefficients, and thus the total number of coefficients is smaller than the total number of
terms.
2.2 Projectable version
Independently of the detailed balance condition one can impose the “projectability” con-
dition, which is a weak version of the invariance with respect to time reparametrizations,
namely that the lapse function is just a function of time, i.e. N = N(t) [7]. Such condi-
tion allows also for a significant reduction of terms in the potential, since it eliminates the
spatial derivatives of N . In this case, and neglecting parity-violating terms, the potential
part of the action becomes [35, 36]
LP = N√g
{
g0κ
−1 + g1R+ κ
(
g2R
2 + g3R
ijRij
)
+κ2
(
g4R
3 + g5RR
ijRij + g6R
i
jR
j
kR
k
i + g7R∇2R+ g8∇iRjk∇iRjk
)}
, (2.7)
where the couplings ga (a = 0 . . . 8) are all dimensionless and running and moreover we can
set g1 = −1. Finally, note that if apart from the projectability condition one additionally
imposes the detailed balance condition, then he will again result in the potential term (2.6)
but with N = N(t).
2.3 Non-projectable version
In the general case where neither the detailed balance nor the projectability conditions
are imposed, one can have in the potential part of the action many possible curvature
invariants of gij , and moreover invariants including also the vector ai = ∂i lnN , which is
now non-zero. In this case the potential part of the action becomes [37]
LPnp = N√g
{
−ξR− ηaiai − 1
M2A
L4 − 1
M2B
L6
}
, (2.8)
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where aia
i is the lowest-order new term, of the same order with R, and L4 and L6 re-
spectively contain all possible fourth and sixth order invariants that can be constructed
by ai and gij and their combinations and contractions. Clearly, the above potential term
contains much more terms than the projectable or the detailed-balance versions. Lastly,
in order to recover GR in the IR limit, apart from the running of λ to 1, η should run to
zero too, while ξ can be set to 1.
We close this section by mentioning that in all versions of Horˇava-Lifshitz gravity,
Lorentz invariance is violated due to both the kinetic term (since λ is in general not equal
to 1) as well as to terms in the potential. It is approximately and asymptotically restored
in the IR, where λ runs to 1 and the potential terms will be significantly suppressed.
Thus, one can apply Horˇava-Lifshitz gravity in order to investigate its implications, which
indeed are found to be rich and interesting at both cosmological [38–81] a well as black
hole applications [82–88].
3 The WDW equation in Horˇava-Lifshitz gravity
In this section we examine the Wheeler-De Witt (WDW) equation in the framework of
Horˇava-Lifshitz gravity. For convenience, and in order to simplify the calculations, we
focus on the projectable version of the theory, without the detailed balanced condition,
although an extension to the full, non-projectable theory, is straightforward.
The WDW equation is a quantum version of the Hamiltonian constraint obtained from
the Arnowitt-Deser-Misner decomposition of space-time. Hence, let us consider a simple
mini-super-space model described by the FLRW line element
ds2 = −N2dt2 + a2 (t) dΩ23 , (3.1)
describing a homogeneous, isotropic and closed universe. dΩ23(k) is the metric on the spatial
sections, which have constant curvature k = 0,±1, defined by
dΩ23 = γijdx
idxj . (3.2)
Additionally, N = N(t) is the lapse function and a(t) denotes the scale factor. In this
background, the 3-dimensional Ricci curvature tensor and the scalar curvature read
Rij =
2
a2 (t)
γij and R =
6
a2 (t)
, (3.3)
respectively. With the help of Eq.(2.7), the resulting Hamiltonian is computed by means
of the usual Legendre transformation, leading to
H =
∫
Σ
d3xH =
∫
Σ
d3x [πaa˙− LP ] , (3.4)
where πa is the canonical momentum. By inserting the FLRW background into LP one
obtains
LP = N√g
[
g0κ
−1 + g1
6
a2 (t)
+
12κ
a4 (t)
(3g2 + g3) +
24κ2
a6 (t)
(9g4 + 3g5 + g6)
]
. (3.5)
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The term g0κ
−1 plays the role of a cosmological constant. In order to make contact with
the ordinary Einstein-Hilbert action in 3 + 1 dimensions, we set without loss of generality
g0κ
−1 ≡ 2Λ
g1 ≡ −1. (3.6)
Note that in the case where one desires to study the negative cosmological constant, the
identification will (trivially) be g0κ
−1 ≡ −2Λ .
After having set N = 1, the Legendre transformation leads to
H = πaa˙− LK + LP , (3.7)
and the Hamiltonian constraint becomes [54]
H =
∫
Σ
d3xH = − κπ
2
a
12π2a (3λ− 1) + 2π
2a3 (t)
[
2Λκ−1 − 6κ
−1
a2 (t)
+
12b
a4 (t)
+
24κc
a6 (t)
]
= π2a +
(3λ− 1)
κ2
24π4a4 (t)
[
6
a2 (t)
− 12κb
a4 (t)
− 24κ
2c
a6 (t)
− 2Λ
]
= 0, (3.8)
where
3g2 + g3 = b
9g4 + 3g5 + g6 = c. (3.9)
General Relativity is recovered when b = c = 0, which does not necessarily means that all
the couplings are vanishing. Moreover, all the higher-curvature terms are automatically
suppressed, since the curvature becomes small [35]. Let us mention here that the scenario
described by the distorted potential Lagrangian (2.7), in the specific case of FLRW geom-
etry that we are interested in, could be considered to arise equivalently in the framework
of f (R) gravity, with R the three-dimensional scalar curvature [11]. Indeed, if ones starts
from the Lagrangian
LfR = N√gf (R) (3.10)
with
f (R) = g0κ
−1 + g1R− κb
3
R2 − κ
2c
9
R3,
= 2Λ +R
(
1− 2πb R
R0
− 4π2cR
2
R20
)
, (3.11)
and b and c given by (3.9), and extract the corresponding field equations in the case
of FLRW geometry, he will obtain the same equations with those extracted from LP in
(2.7). Lastly, note that we have used the definitions (3.6), while we have furthermore set
R0 ≡ 6/G = 6/l2p.
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4 The WDW equation in Gravity’s Rainbow
In this section we review briefly the gravity’s rainbow (GRw) [9], focusing on the Hamil-
tonian analysis and the WDW equation. In this formulation, the space-time geometry is
described by the deformed metric
ds2 = − N
2 (t)
g21 (E/EPl)
dt2 +
a2 (t)
g22 (E/EPl)
dΩ23 , (4.1)
where g1(E/EPl) and g2(E/EPl) are functions of energy, which incorporate the deformation
of the metric. Concerning the low-energy limit it is required to consider
lim
E/EPl→0
g1 (E/EPl) = 1 and lim
E/EPl→0
g2 (E/EPl) = 1, (4.2)
and thus to recover the usual FLRW geometry. Hence, E quantifies the energy scale at
which quantum gravity effects become apparent. For instance, one of these effects would
be that the graviton distorts the background metric as we approach the Planck scale.
As it has been extensively shown in the literature [10–33], GRw can be used to cure
or alleviate the usual GR divergences, at least to one loop, avoiding any regularization and
renormalization schemes. If we allow the energy E to evolve depending on t, one finds that
the extrinsic curvature of the metric (4.1) reads
Kij = −g1 (E (a (t)) /EP )
2N
d
dt
[
gij
g22 (E (a (t)) /EP )
]
=
g1 (E (a (t)) /EP )
g22 (E (a (t)) /EP )
[
K˜ij + g˜ij
A (t)
N (t)
a˙ (t)
]
, (4.3)
where
A (t) =
1
g2 (E (a (t)) /EP )EP
d
dE
[
g2 (E (a (t)) /EP )
]dE
da
, (4.4)
and with dots denoting differentiation with respect to time. In the above expressions the
tildes indicate the quantities computed in absence of the rainbow’s functions.
The next step is to find the corresponding canonical momentum. After a short calcu-
lation, presented in Appendix A, the canonical momentum writes as
πa =
δSK
δa˙
=
g21 (E (a (t)) /EP )
g32 (E (a (t)) /EP )
f(A (t) , a) π˜a, (4.5)
where
f(A (t) , a) =
[
1− 2a (t)A (t) +A2 (t) a (t)2
]
, (4.6)
and where
π˜a =
6π2
κ
(1− 3λ)
N (t)
a˙a. (4.7)
Finally, we can now assemble the Hamiltonian density, which is defined as
H = πaa˙− LK + LP , (4.8)
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where LP is the potential term whose form is
LP = N (t)
√
g˜
16πGg2 (E (a (t)) /EP )
[
R˜− 2Λ
g22 (E (a (t)) /EP )
]
. (4.9)
Concerning the kinetic term we have
HK = πaa˙− LK = κN (t)
12π2a
[
g32 (E (a (t)) /EP )
g21 (E (a (t)) /EP )
]
π2a
(1− 3λ) f(A (t) , a)
=
[
κN (t)
12π2a
] [
π˜2a
(1− 3λ)
] [
g21 (E (a (t)) /EP )
g32 (E (a (t)) /EP )
]
f(A (t) , a) , (4.10)
thus the classical Hamiltonian constraint reduces to
H = κ
12π2a
π˜2a
(1− 3λ)
g21 (E (a (t)) /EP )
g32 (E (a (t)) /EP )
f(A (t) , a)
− π
2a3 (t)
κg2 (E (a (t)) /EP )
[
6
a2 (t)
− 2Λ
g22 (E (a (t)) /EP )
]
= 0. (4.11)
It is then straightforward to see that the Hamiltonian density reduces to
H = π˜2a +
12 (3λ− 1) π4a4 (t)
κ2g21 (E (a (t)) /EP ) f(A (t) , a)
[
g22 (E (a (t)) /EP )
6
a2 (t)
− 2Λ
]
= 0, (4.12)
where we have integrated out all degrees of freedom apart from the scale factor.
5 Correspondence of Gravity’s Rainbow with Horˇava-Lifshitz gravity
In the previous sections we have extracted the WDW equation in the cases of Horˇava-
Lifshitz gravity and Gravity’s Rainbow, for a FLRW background, that is expressions (3.8)
and (4.12) respectively. Hence, observing their forms we deduce that it is possible to create
a formal correspondence between the two formulations provided that
g21 (E (a (t)) /EP ) f(A (t) , a) = 1 (5.1)
and
g22 (E (a (t)) /EP )
6
a2 (t)
=
6
a2 (t)
[
1− 2κb
a2 (t)
− 4κ
2c
a4 (t)
]
. (5.2)
Since we preserve the freedom to fix g2 (E (a (t)) /EP ), we impose that
g22 (E (a (t)) /EP ) = 1−
2bκ
a2 (t)
− 4κ
2c
a4 (t)
= 1− 16bR
R0
− 256cR
2
R20
, (5.3)
whereR0 has been defined in (3.11) asR0 ≡ 6/G = 6/l2p. Although at first site identification
(5.3) seems to be imposed ad hoc, it can be supported by invoking the dispersion relation
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of a massless graviton which, as we show in Appendix B, for a FLRW background acquires
the form
E2 =
k2
a2 (t)
, (5.4)
with k the constant dimensionless radial wavenumber, and thus in the present case of
Gravity’s Rainbow it is modified to
E2
g22 (E (a (t)) /EP )
=
k2
a2 (t)
. (5.5)
Since the dispersion relation (5.5) is valid at the Planck scale too, we can write
E2
g22 (E (a (t)) /EP )
→ E
2
P
g22 (EP/EP )
= E2P =
k2
a2P
. (5.6)
Hence, Eq.(5.3) becomes
g22 (E (a (t)) /EP ) = 1−
16bπR
R0
− 256cπ
2R2
R20
= 1− c1E
2 (a (t))
E2P
− c2E
4 (a (t))
E4P
. (5.7)
Therefore we deduce that
E2 = R/6k2 (5.8)
with
E2P = G
−1, c1 = 16bπ and c2 = 256cπ
2. (5.9)
We mention here that the fact that a relation between the energy of a particle and the
scalar curvature can come into play directly in the metric, is not a novelty. Indeed in [89]
the scalar curvature enters into the metric via the trace of the Einstein’s field equations
connecting the energy-momentum tensor with the 4D scalar curvature. Moreover, note
that the energy-momentum tensor has dimensions of energy density. Thus, and in order
to take the comparison on a general ground, one can assume that g2 (E (a (t)) /EP ) can be
represented by a formal expansion in powers of E/EP , identifying the coefficients order by
order. However, since in the present work we are comparing Gravity’s Rainbow with the
Horˇava-Lifshitz gravity with z = 3, the formal Taylor expansion is truncated at the second
order.
6 Correspondence in spherically symmetric backgrounds
The discussion on the WDW equations in Gravity’s Rainbow and Horˇava-Lifshitz gravity
of the previous section was presented in homogeneous and isotropic backgrounds, namely
on the FLRW metric. One could wonder whether these results are an artifact of the space-
time symmetries and not of the features of the two theories. Thus, in the present section we
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repeat the above analysis in the case of spherically symmetric backgrounds. In particular
we consider metrics of the class
ds2 = −N2 (r) dt2 + dr
2
1− b(r)/r + r
2 (dθ2 + sin2 θ dφ2) , (6.1)
where N(r) and b(r) are arbitrary functions of the radial coordinate r, denoted as the lapse
function and the form function respectively. In this case, the energies now depend on the
shape function b (r) and the radial coordinate r, namely
g1 (E/EP ) ≡ g1 (E (b (r)) /EP )
g2 (E/EP ) ≡ g2 (E (b (r)) /EP ) . (6.2)
Hence, the metric modification appears on a scalar curvature R given by
R = gijRij =
2b′ (r)
r2
, (6.3)
where the prime denotes derivative with respect to r, and we have used the mixed Ricci
tensor Raj with components
Raj =
{
b′ (r)
r2
− b (r)
r3
,
b′ (r)
2r2
+
b (r)
2r3
,
b′ (r)
2r2
+
b (r)
2r3
}
. (6.4)
When GRw switches on, the line element (6.1) becomes
ds2 = − N
2 (r)
g21 (E (b (r)) /EP )
dt2 +
dr2
g22 (E (b (r)) /EP ) (1− b(r)/r)
+
r2
g21 (E (b (r)) /EP )
(dθ2 + sin2 θ dφ2) , (6.5)
and the scalar curvature transforms as
R→
[
1− b(r)r
]{
r4 g2 (E (b (r))) R˜
2
{
d2g2(E(b(r)))
dE2
[
dE(b(r))
db
]2
+ dg2(E(b(r)))dE
d2E(b(r))
db2
}
−32r4R˜2
[
dE(b(r))
db
]2 [dg2(E(b(r)))
dE
]2
+4 g2 (E (b (r)))
dE(b(r))
db
dg2(E(b(r)))
dE
d2b(r)
dr2
}
·g2 (E (b (r))) dg2(E(b(r)))dE dE(b(r))db
[
− r32 R˜2 − 3b (r) R˜+ 4rR˜
]
+ g22(E (b (r))) R˜, (6.6)
where the tildes indicate the quantities computed in absence of the rainbow’s functions.
Although this is not necessary, for simplification we focus on the case where there is no
explicit dependence of E on b (r), that is we assume dE (b (r)) /db = 0. In this case the
scalar curvature simplifies to
R→ g22 (E (b (r)) /EP ) R˜. (6.7)
Since the extrinsic curvature Kij becomes
Kij = − g˙ij
2N
=
g1 (E (b (r)) /EP )
g22 (E (b (r)) /EP )
K˜ij , (6.8)
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even in this case the kinetic term does not contribute at the classical level and the GRw
distortion is completely encoded in the potential term. Hence, if we assume the validity of
Eq. (5.7) for the spherically symmetric case too, we find
g22 (E (a (t)) /EP ) = 1 + g2
E2 (b (r))
E2P
+ g4
E4 (b (r))
E4P
= 1 + g2
R
R0
+ g4
R2
R20
. (6.9)
Therefore, we conclude that one can establish a correspondence between GRw and HL in
the spherically symmetric geometries too. Although we have shown this correspondence in
the case of scalar curvature, we expect it to hold in the general case too, although such a
feature is needed to be proven formally.
7 Conclusions
In this work we were interested in exploring the connection between two Lorentz-violating
theories, namely Gravity’s Rainbow and Horˇava-Lifshitz gravity. In Gravity’s Rainbow, it
is the metric that incorporates all the distortion of the space time when one approaches
the Planck scale, while in Horˇava-Lifshitz gravity, it is the potential part of the action (or
the Hamiltonian) that acquires higher-order curvature terms. Usually Gravity’s Rainbow
switches on because a Planckian particle distorts the gravitational metric tensor gµν . How-
ever, since in the present application we have neglected any matter fields, the only particle
appearing is the graviton. Since the graviton is the quantum particle associated with the
quantum fluctuations of the space time, we conclude that it is the gravitational field itself
that it is responsible for such a distortion. This is also enforced by the dispersion relation
relating the graviton energy and the scale factor, namely the scalar curvature, in the case
where an FLRW background is imposed, or the graviton energy and the shape function in
the case where a spherically symmetric background is imposed.
As we have shown, one can indeed establish a correspondence between the two theo-
ries, through the examination of their Wheeler-De Witt equations. However, although we
have explicitly shown this in the case of two physically interesting spacetimes, namely the
FLRW and the spherically symmetric ones, and thus we have a strong indication that this
correspondence is not an artifact of the spacetime symmetries but rather it arises from the
features of the two theories, a general proof (or disproof) in the case of arbitrary metrics
is still needed. In order to handle this issue, one might use the known relation between
Horˇava-Lifshitz gravity and Einstein-aether theory [90–92].
It is interesting to mention that Gravity’s Rainbow, in the FLRW background, gener-
ates Horˇava-Lifshitz gravity under a specific form of f (R) theory, with R the 3-dimensional
scalar curvature. A similar result was pointed out in [89], where a connection between the
rainbow’s functions and a specific f (R) form seems to be evident. In our analysis we
saw that the obtained correspondence includes information even for the terms of the type
RijRij, RR
ijRij and R
i
jR
j
kR
k
i that were not explicitly included. Hence, we deduce that in
– 11 –
order to incorporate higher curvature terms, it is likely that the rainbow’s functions must in-
clude terms of the form RijRij etc, a possibility that could be encoded in the Kretschmann
scalar. These issues reveal that bridge between Gravity’s Rainbow and Horˇava-Lifshitz
gravity could be much richer, and deserves further investigation.
We close this work by mentioning that in the above analysis we have remained at the
background level, as a first step towards bridging the two theories. However, it is both
required and interesting to examine their relation at the perturbation level too, since there
are many example of theories that coincide at the background level, while being distin-
guishable or different when one incorporates the perturbations. Furthermore, relating the
perturbations between Gravity’s Rainbow and Horˇava-Lifshitz gravity becomes necessary
having in mind the problems of the extra mode propagation that appears in the simple
versions of the latter [93–96]. Since such a detailed analysis lies beyond the scope of the
present manuscript it is left for a future investigation.
A Kinetic term in Gravity’s Rainbow with a time-dependent energy
term
In the case where E ≡ E (a (t)) the extrinsic curvature of the metric (4.1) acquires the
form of relation (4.3), namely
Kij = −g1 (E (a (t)) /EP )
2N
d
dt
[
gij
g22 (E (a (t)) /EP )
]
=
g1 (E (a (t)) /EP )
g22 (E (a (t)) /EP )
[
K˜ij + g˜ij
A (t)
N (t)
a˙ (t)
]
, (A.1)
where
A (t) =
1
g2 (E (a (t)) /EP )EP
d
dE
[
g2 (E (a (t)) /EP )
]dE
da
, (A.2)
and with dots denoting differentiation with respect to time. In the above expressions the
tildes indicate the quantities computed in absence of the rainbow’s functions. The trace of
the extrinsic curvature becomes
K = gijKij = g
2
2 (E (a (t)) /EP ) g˜
ijKij = g1 (E (a (t)) /EP )
[
K˜ + 3
A (t)
N (t)
a˙ (t)
]
, (A.3)
while raising the indices in Kij we obtain
Kij = gilgjmKlm = g
2
2 (E (a (t)) /EP ) g1 (E (a (t)) /EP )
[
K˜ij + g˜ij
A (t)
N (t)
a˙ (t)
]
. (A.4)
Hence, the kinetic term becomes
KijKij − λK2 = g21 (E (t) /EP )
{
K˜ijK˜ij − λK˜2
+(1− 3λ)
{
2K˜
N (t)
A (t) a˙ (t) + 3
[
A (t)
N (t)
a˙ (t)
]2}}
. (A.5)
– 12 –
For the specific case of a FLRW metric we find that
K˜ij = − g˜ij
N (t)
a˙
a
, (A.6)
and thus
K˜ijK˜ij − λK˜2 = 3(1− 3λ)
N2 (t)
(
a˙
a
)2
. (A.7)
In this case Eq. (A.5) becomes
KijKij − λK2 = 3g21 (E (t) /EP )
(1− 3λ)
N2 (t)
(
a˙
a
)2
f(A (t) , a) , (A.8)
where
f(A (t) , a) =
[
1− 2a (t)A (t) +A2 (t) a (t)2
]
. (A.9)
It is now possible to calculate the kinetic part of the action, which is defined as
SK =
∫
Σ×I
dtd3xLK , (A.10)
where
LK = N
2κ
√
g
(
KijKij − λK2
)
. (A.11)
Inserting (A.8) into SK we obtain
SK =
3
κ
π2
∫
I
dtN (t) aa˙2
g21 (E (a (t)) /EP )
g32 (E (a (t)) /EP )
(1− 3λ)
N2 (t)
f(A (t) , a) , (A.12)
and thus the canonical momentum reads as
πa =
δSK
δa˙
=
g21 (E (a (t)) /EP )
g32 (E (a (t)) /EP )
f(A (t) , a) π˜a, (A.13)
where
π˜a =
6π2
κ
(1− 3λ)
N (t)
a˙a. (A.14)
Definitely, we restrict ourselves in the case λ 6= 13 , since in the special case where λ = 13 the
ultralocal metric (the one-parameter family of supermetrics which allows to disentangle
gauge modes from physical deformations) [97, 98] is not invertible and becomes a projector
onto the tracefree subspace.
B The Lichnerowicz equation for the graviton
In 3 + 1 dimensions the graviton operator is described by
Oikjl = △ikjlL − 4Rilgkj +Rgikgjl +
∂2
∂t2
gikgjl, (B.1)
– 13 –
where we have assumed the absence of mixing between time and space, which naturally
follows from the structure of the FLRW metric (3.1). The Riemann tensor in 3 dimensions
becomes
Rikjl = gijRkl − gilRkj − gkjRil + gklRij − R
2
(gijgkl − gilgkj) , (B.2)
and for a FLRW background the 3-dimensional Ricci curvature tensor and the scalar cur-
vature read
Rij =
2
a2 (t)
γij and R =
6
a2 (t)
, (B.3)
where γij is the metric on the spatial sections which have constant curvature k = 0,±1,
defined by
dΩ23 = γijdx
idxj . (B.4)
Hence, the Riemann tensor reduces to
Rikjl = − 2
a2 (t)
(γijγkl − γilγkj) . (B.5)
Then, the operator Oikjl on transverse traceless tensors reduces to
Oikjl = a−2 (t)
(
−∇a∇aγikγjl + 2γilγkj
)
+
1
N2
∂2
∂t2
γikγjl, (B.6)
and the dispersion relation becomes
k2
a2 (t)
= E2, (B.7)
where as usual in the end of the calculation we have set the lapse function N to 1. Finally,
as it was shown in [10], in the case of Gravity’s Rainbow the above dispersion relation has
to be modified to
k2
a2 (t)
=
E2
g22 (E/EP )
. (B.8)
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